
cours 14

2.6 MULTIPLICATEURS  
DE LAGRANGE



Au dernier cours, nous avons vu

Extremums 

Test de la dérivée seconde 

Hessien



Aujourd’hui, nous allons voir

Extremums sur une région bornée 

Multiplicateur de Lagrange



Avec les fonctions à une variable, il arrivait parfois qu’on veuille 
trouver le maximum ou le minimum absolu sur un intervalle. 

On commence par trouver les 
extremums relatifs comme 

précédemment.

Et on compare avec les 
points frontière pour trouver 

la plus grande et la plus 
petite valeur.



Avec les fonctions à deux variables, c’est un peu la même chose, mais 
on doit préciser quel type de généralisation d’un intervalle on veut 

considérer.

Un ensemble sera dit fermé s’il contient tous ces points frontière.

(le concept d’ensemble fermé est légèrement plus compliqué que ça, 
mais nous nous contenterons de cette définition)

Un ensemble      est dit borné s’il existe un nombre     tel queA
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

r
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

A ⇢ B =
�
(x, y) 2 R2|x2 + y2 < r

 
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Nous regarderons donc des régions fermées et bornées.



Exemple Trouver la valeur maximale de f(x, y) = x2 + y2
<latexit sha1_base64="JWZAPgTktgF3wKQjqb9E6TRDG2Y="></latexit>

[1, 3]⇥ [1, 2]
<latexit sha1_base64="Bo/lOC4hBCkk6rObkk1eetFP6Yk="></latexit>

dans le rectangle

rf = (2x, 2y)
<latexit sha1_base64="iLlqqU1RP58PPXe9AxoXJ005l8w="></latexit>

Le seul point critique

(0, 0) /2 [1, 3]⇥ [1, 2]
<latexit sha1_base64="ArioZHqqOoghGJcPi/OG8/U6gW4="></latexit>

On doit aussi regarder sur la frontière



Exemple Trouver la valeur maximale de f(x, y) = x2 + y2
<latexit sha1_base64="JWZAPgTktgF3wKQjqb9E6TRDG2Y="></latexit>

[1, 3]⇥ [1, 2]
<latexit sha1_base64="Bo/lOC4hBCkk6rObkk1eetFP6Yk="></latexit>

dans le rectangle

x = 1
<latexit sha1_base64="2HGZBjIElNiaStoRwwtiS3u16tE=">AAAC+HicjVJNT9RQFD1TUMdRdISlm4aJiatJqya6MSG6YTkE5iMZCGnLY3ih0zbtK3Gc+BPcypYdceu/4R/Ajp/gedcHEYjB1/T1vHPvub33vhsXqa5MEJw1vIXFBw8fNR+3njxdeva8/WJ5UOV1mah+kqd5OYqjSqU6U32jTapGRamiaZyqYXz42dqHR6qsdJ5tmVmhdqbRJNP7OokMqc0vH8PddifoBrL8uyB0oAO3enn7Et vYQ44ENaZQyGCIU0So+IwRIkBBbgdzciWRFrvCN7Soreml6BGRPeQ+4Wns2IxnG7MSdcK/pHxLKn28oianX0ls/+aLvZbIlv1X7LnEtLnN+I1drClZgwOy9+muPP9XZ2sx2McHqUGzpkIYW13iotTSFZu5/1dVhhEKchbv0V4SJ6K86rMvmkpqt72NxH4unpa158T51rhwWSocSdTZdfZzuUNNeyG9nBEZ7nJLHInw9gDcBYM33fBtN9h411n75IajiZdYxWtOwHusYR099JnNBN/xA8feV+/EO/V+/nH1Gk6zghvL+/UbTbWbwA==</latexit>

x = 3
<latexit sha1_base64="/gbhdTRUYH6WDhLh6D3AwbwxJQ0="></latexit>

y = 1
<latexit sha1_base64="XciUfyG+AUC5HcA82jBL1UaWyX4="></latexit>

y = 2
<latexit sha1_base64="kQcg/ch0xdVy1wewEHAYoOcuTpU="></latexit>



Exemple Trouver la valeur maximale de f(x, y) = x2 + y2
<latexit sha1_base64="JWZAPgTktgF3wKQjqb9E6TRDG2Y="></latexit>

[1, 3]⇥ [1, 2]
<latexit sha1_base64="Bo/lOC4hBCkk6rObkk1eetFP6Yk="></latexit>

dans le rectangle

x = 1
<latexit sha1_base64="2HGZBjIElNiaStoRwwtiS3u16tE=">AAAC+HicjVJNT9RQFD1TUMdRdISlm4aJiatJqya6MSG6YTkE5iMZCGnLY3ih0zbtK3Gc+BPcypYdceu/4R/Ajp/gedcHEYjB1/T1vHPvub33vhsXqa5MEJw1vIXFBw8fNR+3njxdeva8/WJ5UOV1mah+kqd5OYqjSqU6U32jTapGRamiaZyqYXz42dqHR6qsdJ5tmVmhdqbRJNP7OokMqc0vH8PddifoBrL8uyB0oAO3enn7Et vYQ44ENaZQyGCIU0So+IwRIkBBbgdzciWRFrvCN7Soreml6BGRPeQ+4Wns2IxnG7MSdcK/pHxLKn28oianX0ls/+aLvZbIlv1X7LnEtLnN+I1drClZgwOy9+muPP9XZ2sx2McHqUGzpkIYW13iotTSFZu5/1dVhhEKchbv0V4SJ6K86rMvmkpqt72NxH4unpa158T51rhwWSocSdTZdfZzuUNNeyG9nBEZ7nJLHInw9gDcBYM33fBtN9h411n75IajiZdYxWtOwHusYR099JnNBN/xA8feV+/EO/V+/nH1Gk6zghvL+/UbTbWbwA==</latexit>

x = 3
<latexit sha1_base64="/gbhdTRUYH6WDhLh6D3AwbwxJQ0="></latexit>

y = 1
<latexit sha1_base64="XciUfyG+AUC5HcA82jBL1UaWyX4="></latexit>

y = 2
<latexit sha1_base64="kQcg/ch0xdVy1wewEHAYoOcuTpU="></latexit>

z = 1 + y2
<latexit sha1_base64="aKqMe4y5U66vHNuESQwXGiW0lxM="></latexit>

z = 9 + y2
<latexit sha1_base64="f4sHhyYu1a+IrxLefRGWW/ZXVno="></latexit>

z = x2 + 1
<latexit sha1_base64="7Qa6SOGbzveE1e1ngflOwgGSfSA="></latexit>

z = x2 + 4
<latexit sha1_base64="UQvW3Kqj/JYDkbpUifzN4rzNUE4="></latexit>

dz

dy
= 2y

<latexit sha1_base64="cponBKfUBg8L2Lb6t/MldXNqz/c="></latexit>

dz

dx
= 2x

<latexit sha1_base64="BtcFr3msyYV+Ycqil/RuvQlLjuo="></latexit>

dz

dy
= 2y

<latexit sha1_base64="cponBKfUBg8L2Lb6t/MldXNqz/c="></latexit>

dz

dx
= 2x

<latexit sha1_base64="BtcFr3msyYV+Ycqil/RuvQlLjuo="></latexit>

toutes des fonctions  
croissantes sur leurs  
intervalles sans point 

critique



Exemple Trouver la valeur maximale de f(x, y) = x2 + y2
<latexit sha1_base64="JWZAPgTktgF3wKQjqb9E6TRDG2Y="></latexit>

[1, 3]⇥ [1, 2]
<latexit sha1_base64="Bo/lOC4hBCkk6rObkk1eetFP6Yk="></latexit>

dans le rectangle

x = 1
<latexit sha1_base64="2HGZBjIElNiaStoRwwtiS3u16tE=">AAAC+HicjVJNT9RQFD1TUMdRdISlm4aJiatJqya6MSG6YTkE5iMZCGnLY3ih0zbtK3Gc+BPcypYdceu/4R/Ajp/gedcHEYjB1/T1vHPvub33vhsXqa5MEJw1vIXFBw8fNR+3njxdeva8/WJ5UOV1mah+kqd5OYqjSqU6U32jTapGRamiaZyqYXz42dqHR6qsdJ5tmVmhdqbRJNP7OokMqc0vH8PddifoBrL8uyB0oAO3enn7Et vYQ44ENaZQyGCIU0So+IwRIkBBbgdzciWRFrvCN7Soreml6BGRPeQ+4Wns2IxnG7MSdcK/pHxLKn28oianX0ls/+aLvZbIlv1X7LnEtLnN+I1drClZgwOy9+muPP9XZ2sx2McHqUGzpkIYW13iotTSFZu5/1dVhhEKchbv0V4SJ6K86rMvmkpqt72NxH4unpa158T51rhwWSocSdTZdfZzuUNNeyG9nBEZ7nJLHInw9gDcBYM33fBtN9h411n75IajiZdYxWtOwHusYR099JnNBN/xA8feV+/EO/V+/nH1Gk6zghvL+/UbTbWbwA==</latexit>

x = 3
<latexit sha1_base64="/gbhdTRUYH6WDhLh6D3AwbwxJQ0="></latexit>

y = 1
<latexit sha1_base64="XciUfyG+AUC5HcA82jBL1UaWyX4="></latexit>

y = 2
<latexit sha1_base64="kQcg/ch0xdVy1wewEHAYoOcuTpU="></latexit>

z = 1 + y2
<latexit sha1_base64="aKqMe4y5U66vHNuESQwXGiW0lxM="></latexit>

z = 9 + y2
<latexit sha1_base64="f4sHhyYu1a+IrxLefRGWW/ZXVno="></latexit>

z = x2 + 1
<latexit sha1_base64="7Qa6SOGbzveE1e1ngflOwgGSfSA="></latexit>

z = x2 + 4
<latexit sha1_base64="UQvW3Kqj/JYDkbpUifzN4rzNUE4="></latexit>

min:

min:

y = 1
<latexit sha1_base64="XciUfyG+AUC5HcA82jBL1UaWyX4="></latexit>

y = 1
<latexit sha1_base64="XciUfyG+AUC5HcA82jBL1UaWyX4="></latexit>

max:

max:

y = 2
<latexit sha1_base64="kQcg/ch0xdVy1wewEHAYoOcuTpU="></latexit>

y = 2
<latexit sha1_base64="kQcg/ch0xdVy1wewEHAYoOcuTpU="></latexit>

min:

min:

x = 1
<latexit sha1_base64="2HGZBjIElNiaStoRwwtiS3u16tE="></latexit>

x = 1
<latexit sha1_base64="2HGZBjIElNiaStoRwwtiS3u16tE="></latexit>

max:

max:

x = 3
<latexit sha1_base64="/gbhdTRUYH6WDhLh6D3AwbwxJQ0="></latexit>

x = 3
<latexit sha1_base64="/gbhdTRUYH6WDhLh6D3AwbwxJQ0="></latexit>

z = 2
<latexit sha1_base64="8pmKcJTacZexY0ai7MYvQZrgxYg="></latexit>

z = 5
<latexit sha1_base64="uOSu1Mf7Q1M2PEVXjAoZ8kyoefs="></latexit>

z = 10
<latexit sha1_base64="Q09HN+rnO8Vli3WYN45sUqCmTTM="></latexit>

z = 13
<latexit sha1_base64="pq2+kqGk0VdLyW6vPZJ4olN2Zxw="></latexit>

z = 2
<latexit sha1_base64="8pmKcJTacZexY0ai7MYvQZrgxYg="></latexit>

z = 10
<latexit sha1_base64="Q09HN+rnO8Vli3WYN45sUqCmTTM="></latexit>

z = 5
<latexit sha1_base64="uOSu1Mf7Q1M2PEVXjAoZ8kyoefs="></latexit>

z = 13
<latexit sha1_base64="pq2+kqGk0VdLyW6vPZJ4olN2Zxw="></latexit>



Exemple Trouver la valeur maximale de f(x, y) = x2 + y2
<latexit sha1_base64="JWZAPgTktgF3wKQjqb9E6TRDG2Y="></latexit>

[1, 3]⇥ [1, 2]
<latexit sha1_base64="Bo/lOC4hBCkk6rObkk1eetFP6Yk="></latexit>

dans le rectangle

x = 1
<latexit sha1_base64="2HGZBjIElNiaStoRwwtiS3u16tE=">AAAC+HicjVJNT9RQFD1TUMdRdISlm4aJiatJqya6MSG6YTkE5iMZCGnLY3ih0zbtK3Gc+BPcypYdceu/4R/Ajp/gedcHEYjB1/T1vHPvub33vhsXqa5MEJw1vIXFBw8fNR+3njxdeva8/WJ5UOV1mah+kqd5OYqjSqU6U32jTapGRamiaZyqYXz42dqHR6qsdJ5tmVmhdqbRJNP7OokMqc0vH8PddifoBrL8uyB0oAO3enn7Et vYQ44ENaZQyGCIU0So+IwRIkBBbgdzciWRFrvCN7Soreml6BGRPeQ+4Wns2IxnG7MSdcK/pHxLKn28oianX0ls/+aLvZbIlv1X7LnEtLnN+I1drClZgwOy9+muPP9XZ2sx2McHqUGzpkIYW13iotTSFZu5/1dVhhEKchbv0V4SJ6K86rMvmkpqt72NxH4unpa158T51rhwWSocSdTZdfZzuUNNeyG9nBEZ7nJLHInw9gDcBYM33fBtN9h411n75IajiZdYxWtOwHusYR099JnNBN/xA8feV+/EO/V+/nH1Gk6zghvL+/UbTbWbwA==</latexit>

x = 3
<latexit sha1_base64="/gbhdTRUYH6WDhLh6D3AwbwxJQ0="></latexit>

y = 1
<latexit sha1_base64="XciUfyG+AUC5HcA82jBL1UaWyX4="></latexit>

y = 2
<latexit sha1_base64="kQcg/ch0xdVy1wewEHAYoOcuTpU="></latexit>

z = 1 + y2
<latexit sha1_base64="aKqMe4y5U66vHNuESQwXGiW0lxM="></latexit>

z = 9 + y2
<latexit sha1_base64="f4sHhyYu1a+IrxLefRGWW/ZXVno="></latexit>

z = x2 + 1
<latexit sha1_base64="7Qa6SOGbzveE1e1ngflOwgGSfSA="></latexit>

z = x2 + 4
<latexit sha1_base64="UQvW3Kqj/JYDkbpUifzN4rzNUE4="></latexit>

min:

min:

y = 1
<latexit sha1_base64="XciUfyG+AUC5HcA82jBL1UaWyX4="></latexit>

y = 1
<latexit sha1_base64="XciUfyG+AUC5HcA82jBL1UaWyX4="></latexit>

max:

max:

y = 2
<latexit sha1_base64="kQcg/ch0xdVy1wewEHAYoOcuTpU="></latexit>

y = 2
<latexit sha1_base64="kQcg/ch0xdVy1wewEHAYoOcuTpU="></latexit>

min:

min:

x = 1
<latexit sha1_base64="2HGZBjIElNiaStoRwwtiS3u16tE="></latexit>

x = 1
<latexit sha1_base64="2HGZBjIElNiaStoRwwtiS3u16tE="></latexit>

max:

max:

x = 3
<latexit sha1_base64="/gbhdTRUYH6WDhLh6D3AwbwxJQ0="></latexit>

x = 3
<latexit sha1_base64="/gbhdTRUYH6WDhLh6D3AwbwxJQ0="></latexit>

z = 2
<latexit sha1_base64="8pmKcJTacZexY0ai7MYvQZrgxYg="></latexit>

z = 5
<latexit sha1_base64="uOSu1Mf7Q1M2PEVXjAoZ8kyoefs="></latexit>

z = 10
<latexit sha1_base64="Q09HN+rnO8Vli3WYN45sUqCmTTM="></latexit>

z = 13
<latexit sha1_base64="pq2+kqGk0VdLyW6vPZJ4olN2Zxw="></latexit>

z = 2
<latexit sha1_base64="8pmKcJTacZexY0ai7MYvQZrgxYg="></latexit>

z = 10
<latexit sha1_base64="Q09HN+rnO8Vli3WYN45sUqCmTTM="></latexit>

z = 5
<latexit sha1_base64="uOSu1Mf7Q1M2PEVXjAoZ8kyoefs="></latexit>

z = 13
<latexit sha1_base64="pq2+kqGk0VdLyW6vPZJ4olN2Zxw="></latexit>



Exemple Trouver les extrémums absolus de la fonction

f(x, y) = x2 � 2y2
<latexit sha1_base64="hjJ60nDgpe1VWUsukkAVcIEpKW0="></latexit>

sur le triangle passant par

rf = (2x,�4y)
<latexit sha1_base64="DzPqe5Ocx0hJUZWW7pWbI6d3sfY="></latexit>

(0, 0) /2 T
<latexit sha1_base64="ylWp8btNhNC9mIsUybv58M8g8pw="></latexit>

x = 1
<latexit sha1_base64="2HGZBjIElNiaStoRwwtiS3u16tE="></latexit>

y = 1
<latexit sha1_base64="XciUfyG+AUC5HcA82jBL1UaWyX4="></latexit>

La droite passant par            et (1, 2)
<latexit sha1_base64="Qr5mlQfbDPdu98J4Aky6p3yOQHQ="></latexit>

(2, 1)
<latexit sha1_base64="2SHiISk7zfGT/P1dHPh2Xs2ix70="></latexit>

y = �x+ b
<latexit sha1_base64="hHAj28YCA2uBRRmZi8PlfkV6B14="></latexit>

2 = �1 + b
<latexit sha1_base64="ut/AsmBbflVzXN0IZ7WU2NqUJmY="></latexit>

b = 3
<latexit sha1_base64="jwBa0McVvgKdyhwJyn2nWFxQqxY="></latexit>

y = �x+ 3
<latexit sha1_base64="+pUELiRsRAaCjxdcXWgllLWbwv8="></latexit>

(1, 1)
<latexit sha1_base64="7e0TCshlfZHCYIh801OHBpKdhbQ="></latexit>

(1, 2)
<latexit sha1_base64="Qr5mlQfbDPdu98J4Aky6p3yOQHQ="></latexit>

(2, 1)
<latexit sha1_base64="2SHiISk7zfGT/P1dHPh2Xs2ix70="></latexit>



Exemple Trouver les extrémums absolus de la fonction

f(x, y) = x2 � 2y2
<latexit sha1_base64="hjJ60nDgpe1VWUsukkAVcIEpKW0="></latexit>

sur le triangle passant par

(1, 1)
<latexit sha1_base64="7e0TCshlfZHCYIh801OHBpKdhbQ="></latexit>

(1, 2)
<latexit sha1_base64="Qr5mlQfbDPdu98J4Aky6p3yOQHQ="></latexit>

(2, 1)
<latexit sha1_base64="2SHiISk7zfGT/P1dHPh2Xs2ix70="></latexit>

x = 1
<latexit sha1_base64="2HGZBjIElNiaStoRwwtiS3u16tE="></latexit>

y = 1
<latexit sha1_base64="XciUfyG+AUC5HcA82jBL1UaWyX4="></latexit>

y = �x+ 3
<latexit sha1_base64="+pUELiRsRAaCjxdcXWgllLWbwv8="></latexit>

z = 1� 2y2
<latexit sha1_base64="uldzeinsdK2mQ22FPhthCep7kUE="></latexit>

[1, 2]
<latexit sha1_base64="Jk5zfxhnKWdiELcu1N8PxPV+oFo="></latexit>

[1, 2]
<latexit sha1_base64="Jk5zfxhnKWdiELcu1N8PxPV+oFo="></latexit>

z = x2 � 2
<latexit sha1_base64="6KY9YvEjSZpSA6cqfx0+g0DrsIQ="></latexit>

= �x2 + 12x� 9
<latexit sha1_base64="lrY8bCw6wcz5AucaId7tmbYrhwA="></latexit>

[1, 2]
<latexit sha1_base64="Jk5zfxhnKWdiELcu1N8PxPV+oFo="></latexit>

= x2 � 2(�x+ 3)2
<latexit sha1_base64="ZL1cdb7dppSi4qAiui4pMOJTxBw="></latexit>

z
<latexit sha1_base64="25kPWV9cuwT0Ot/PY9FccEOo+e0="></latexit>

dz

dy
= �4y

<latexit sha1_base64="KoQ/Zrxt4bY/tS2S5jWV3IcaL8o="></latexit>

dz

dx
= 2x

<latexit sha1_base64="BtcFr3msyYV+Ycqil/RuvQlLjuo="></latexit>

dz

dx
= �2x+ 12

<latexit sha1_base64="la974cEHCvitWrjdP9Wg+Fvlh3g="></latexit>

croissante

décroissante

croissante



Exemple Trouver les extrémums absolus de la fonction

f(x, y) = x2 � 2y2
<latexit sha1_base64="hjJ60nDgpe1VWUsukkAVcIEpKW0="></latexit>

sur le triangle passant par

x = 1
<latexit sha1_base64="2HGZBjIElNiaStoRwwtiS3u16tE="></latexit>

y = 1
<latexit sha1_base64="XciUfyG+AUC5HcA82jBL1UaWyX4="></latexit>

y = �x+ 3
<latexit sha1_base64="+pUELiRsRAaCjxdcXWgllLWbwv8="></latexit>

z = 1� 2y2
<latexit sha1_base64="uldzeinsdK2mQ22FPhthCep7kUE="></latexit>

[1, 2]
<latexit sha1_base64="Jk5zfxhnKWdiELcu1N8PxPV+oFo="></latexit>

[1, 2]
<latexit sha1_base64="Jk5zfxhnKWdiELcu1N8PxPV+oFo="></latexit>

z = x2 � 2
<latexit sha1_base64="6KY9YvEjSZpSA6cqfx0+g0DrsIQ="></latexit>

= �x2 + 12x� 9
<latexit sha1_base64="lrY8bCw6wcz5AucaId7tmbYrhwA="></latexit>

[1, 2]
<latexit sha1_base64="Jk5zfxhnKWdiELcu1N8PxPV+oFo="></latexit>

z
<latexit sha1_base64="25kPWV9cuwT0Ot/PY9FccEOo+e0="></latexit>

croissante

décroissante

croissante

min y = 2
<latexit sha1_base64="kQcg/ch0xdVy1wewEHAYoOcuTpU="></latexit>

min x = 1
<latexit sha1_base64="2HGZBjIElNiaStoRwwtiS3u16tE="></latexit>

max y = 1
<latexit sha1_base64="XciUfyG+AUC5HcA82jBL1UaWyX4="></latexit>

min x = 1
<latexit sha1_base64="2HGZBjIElNiaStoRwwtiS3u16tE="></latexit>

x = 2
<latexit sha1_base64="hI+6FdKbQfjBgn9LSgJhHW44Uoo="></latexit>max

x = 2
<latexit sha1_base64="hI+6FdKbQfjBgn9LSgJhHW44Uoo="></latexit>

max

z = �7
<latexit sha1_base64="sRsfbqG2S8y+ndh2Ezgidsl96lg="></latexit>

z = �1
<latexit sha1_base64="sJPhuEDcXEojmwgfZvbBQ93zhSM="></latexit>

z = 11
<latexit sha1_base64="0ZSf6dQlGdP7W2km2saKQOTFzoI="></latexit>

z = 2
<latexit sha1_base64="8pmKcJTacZexY0ai7MYvQZrgxYg="></latexit>

z = �1
<latexit sha1_base64="sJPhuEDcXEojmwgfZvbBQ93zhSM="></latexit>

z = 2
<latexit sha1_base64="8pmKcJTacZexY0ai7MYvQZrgxYg="></latexit>

y = �2 + 3 = 1
<latexit sha1_base64="iDy3Zrdb/lbiDszx3XvBYkC/LOA="></latexit>



Faites les exercices suivants

p.810 #27 à 32

( p.810 #25 à 30 )



On cherche le max ou le min d’une fonction
f(x, y)

<latexit sha1_base64="l6NoExWiqbIrydKihCAv3xySrYg="></latexit>

g(x, y) = 0
<latexit sha1_base64="fK9oFmC6U1z1+Q5YSBKF09z9pHY="></latexit>

sous la contrainte
h(x, y) = k

<latexit sha1_base64="w1cBS0/edFT//kDqEo6CMBOcEZY="></latexit>

g(x, y) = h(x, y)� k
<latexit sha1_base64="V9XLTFKXOQls+W+sBVQzNv+53Rc="></latexit>

si on pose

la contrainte devient



On cherche donc la hauteur maximale ou minimale de la courbe sur 
la fonction.

Pour faire cela, nous allons 
regarder les courbes de 

niveau.

On peut voir
g(x, y) = 0

<latexit sha1_base64="fK9oFmC6U1z1+Q5YSBKF09z9pHY="></latexit>

z = g(x, y)
<latexit sha1_base64="tv2LDqcV6vH3w9NCEilkJdNcskI="></latexit>

comme une courbe de 
niveau de

On pourra donc regarder 
les gradients

rf
<latexit sha1_base64="BwlzAMq9mRbBtOd0fq1iGi+MxZI="></latexit>

rg
<latexit sha1_base64="FGMIAwyv8zKcw6yrMPXO4q91w0M="></latexit>

et





rf k rg
<latexit sha1_base64="DXwmgL0GXet/vIPPbILWHy4Mxag="></latexit>

() rf = �rg
<latexit sha1_base64="Me2cdva1eeYnRL17J701oexghio="></latexit>



Donc pour trouver les extrémums d’une fonction f(x, y) = z
<latexit sha1_base64="yWC1eGM13IFXfGIoQay7EeRe4RE="></latexit>

g(x, y) = 0
<latexit sha1_base64="fK9oFmC6U1z1+Q5YSBKF09z9pHY="></latexit>

soumis à une contrainte

g(x, y) = 0
<latexit sha1_base64="fK9oFmC6U1z1+Q5YSBKF09z9pHY="></latexit>

On cherche donc les points (a, b)
<latexit sha1_base64="awwa+ribLdenoIQnrJ0NpuPt3/o="></latexit>

rf(a, b) = �rg(a, b)
<latexit sha1_base64="wB9kIyqyDHjptXoERfZJKqPuIWs="></latexit>

�
<latexit sha1_base64="o7QJ6hJQdgQKOoqOTLs0Qd4B2Fk="></latexit>

le multiplicateur de Lagrange

tels que 

et



L(x, y,�) = f(x, y) + �g(x, y)
<latexit sha1_base64="/L7cP88+xRru17ckPV0xSTYJioE="></latexit>

@L

@x
=

@f

@x
+ �

@g

@x
= 0

<latexit sha1_base64="tCp2fVMH8TZZ5xASnlbZr8mvusY="></latexit>

@L

@y
=

@f

@y
+ �

@g

@y
= 0

<latexit sha1_base64="fPxSqW73Gt0FHQBzo672yECz6KU="></latexit>

@L

@�
= g(x, y) = 0

<latexit sha1_base64="A+uHphLHuPP/xjIhjaKQV+WgWVs="></latexit>

Le lagrangien

rL = ~0
<latexit sha1_base64="40vPkCGFZikUOtIGRRHoahp33kQ="></latexit>

rL =

✓
@L

@x
,
@L

@y
,
@L

@�

◆

<latexit sha1_base64="72FGeTWpCQrLyy/BMNf28hCdV7o="></latexit>

= (0, 0, 0)
<latexit sha1_base64="DLt2xYKvsWLWVVDtbaIiaN2E+6s="></latexit>



Exemple Trouver la plus petite distance entre l’origine et la courbe
x2y = 16

<latexit sha1_base64="jiSPQ4xLIh5uBHo9lT3wCsbx76A="></latexit>

f(x, y) = x2 + y2
<latexit sha1_base64="o6xgfnOMnS0ugXpIT9FaJCmyzd8="></latexit>

g(x, y) = x2y � 16
<latexit sha1_base64="ws2RJyEsIuutnqARQiChkNJxviQ="></latexit>

L(x, y,�) = x2 + y2 + �(x2y � 16)
<latexit sha1_base64="HhoCUTZweIcaKKjhAU370K/ZAnw="></latexit>

@L

@x
= 2x+ 2xy�

<latexit sha1_base64="GjjFf+b6KUUSNzIRXBU7CxAMqsQ=">AAADI3icjVLBThRBEH0MIriCrnj0MnFjYiLZzC4mcCEhePHgARMXSFhCenp7oUPvzKSnh+xksz/hP/APXvXqzXjhwF1vfoLVZaMCIdqT6Xn9qt6bqu5OC6NLlyTnM9Hsnbm78wv3GvcXlx48bD5a3inzykrVk7nJ7V4qSmV0pnpOO6P2CqvEKDVqNz155eO7p8qWOs/eubpQByNxlOmhlsIRddhc6Q+tkJN+IazTwsRvpn/weL rRHb/ojuu+IcOBaBw2W0k74RHfBJ0AWghjO2/+QB8D5JCoMIJCBkfYQKCkZx8dJCiIO8CEOEtIc1xhigZpK8pSlCGIPaH5iFb7gc1o7T1LVkv6i6HXkjLGM9LklGcJ+7/FHK/Y2bO3eU/Y09dW0zcNXiNiHY6J/ZfuMvN/db4XhyHWuQdNPRXM+O5kcKl4V3zl8V9dOXIoiPN4QHFLWLLycp9j1pTcu99bwfFvnOlZv5Yht8L3UKXCKbvWv6uf8Blqihe8lzUhRzOfEl2JzvULcBPsdNud1Xby9mVrcytcjgU8wVM8pxuwhk28xjZ6VM17fMBHfIrOos/Rl+jrr9RoJmge48qILn4CgKqtHw==</latexit>

@L

@y
= 2y + x2�

<latexit sha1_base64="RJotov9PB6npwYgn8CKLBFGExHM=">AAADI3icjVJNTxRBEH0MorCKrHjkMnFjQiLZzC4kejEheuHgARMXSFggPb290KF3ZtLTQ5xs9k/4H/wPXuXqzXDh4F1v/gSry0b5CNGeTM/rV/XeVHV3WhhduiQ5n4qm78zcvTc717j/YP7hQvPR4laZV1aqnsxNbndSUSqjM9Vz2hm1U1glRqlR2+nxax/fPlG21Hn2ztWF2huJw0wPtRSOqIPmSn9ohRz3C2GdFiZ+M/mL68 nLbv3s/X63b8hwIBoHzVbSTnjEN0EngBbC2MybP9HHADkkKoygkMERNhAo6dlFBwkK4vYwJs4S0hxXmKBB2oqyFGUIYo9pPqTVbmAzWnvPktWS/mLotaSM8ZQ0OeVZwv5vMccrdvbsbd5j9vS11fRNg9eIWIcjYv+lu8j8X53vxWGIF9yDpp4KZnx3MrhUvCu+8vhSV44cCuI8HlDcEpasvNjnmDUl9+73VnD8O2d61q9lyK3wI1SpcMKu9Z/qx3yGmuIF72VNyNHMp0RXonP9AtwEW912Z7WdvF1rrb8Kl2MWS3iCZboBz7GODWyiR9V8wCd8xmn0MfoSfY3OfqdGU0HzGFdG9O0XQB6tBg==</latexit>

@L

@�
= x2y � 16

<latexit sha1_base64="UEdodmqr3c1C3IQRGIDJD51mMuI=">AAADI3icjVLLThRBFD20KDi+Rlmy6TAxcaGTbjTixoTghgULTBggYZBU19RghZruTnU1sTOZn/Af/Ae2smVn3Lhgjzs+gVuXwhcxWp2uPnXuPafvraqsNLpySfJtKroxffPWzOzt1p279+4/aD98tFkVtZWqJwtT2O1MVMroXPWcdkZtl1aJUWbUVnbwxse3DpWtdJFvuKZUuyOxn+uhlsIRtdd+2h9aIcf9UlinhYnXJj9x35 DPQExef3i32DxLX7b22p2km/CIr4M0gA7CWC/a5+hjgAISNUZQyOEIGwhU9OwgRYKSuF2MibOENMcVJmiRtqYsRRmC2AOa92m1E9ic1t6zYrWkvxh6LSljPCZNQXmWsP9bzPGanT37N+8xe/raGvpmwWtErMN7Yv+lu8r8X53vxWGIV9yDpp5KZnx3MrjUvCu+8viXrhw5lMR5PKC4JSxZebXPMWsq7t3vreD4GWd61q9lyK3xPVSpcMiuzY/qx3yGmuIl72VDyNHMp0RXIv3zAlwHm4vd9Hk3efuis7wSLscs5rGAJ3QDlrCMVayjR9V8xBE+4zj6FJ1EX6Kvl6nRVNDM4bcRnV4AmQCsxA==</latexit>

= 2x(1 + �y)
<latexit sha1_base64="QThF+XVkTturCZaftkYv6B+VtDM="></latexit>

=) x = 0 ou 1 + �y = 0
<latexit sha1_base64="4uIhZhgVR11e8La9QaNrHxMmXAM="></latexit>

= 0
<latexit sha1_base64="hF4tfsiwN7SX9EbpsoLMHPLvmmc="></latexit>

= 0
<latexit sha1_base64="hF4tfsiwN7SX9EbpsoLMHPLvmmc="></latexit>

= 0
<latexit sha1_base64="hF4tfsiwN7SX9EbpsoLMHPLvmmc="></latexit>

�y = �1
<latexit sha1_base64="fezUywjHFMIWu4/eFtVFPevsvnk="></latexit>

=) 2y2 + x2�y = 0
<latexit sha1_base64="G5ElWorYOaw4+ALF3vuy0R05RMQ="></latexit>

=) 2y2 � x2 = 0
<latexit sha1_base64="4S8vIMgcUnniKYRxhgcw4Cfb0TA="></latexit>

=) x2 = 2y2
<latexit sha1_base64="LWtoW9ScWUSN8DLcGbK7zYw0owg="></latexit>

=) 2y3 = 16
<latexit sha1_base64="gHrQHPNonDTTFw8lAamvC/Nn+Nc="></latexit>

=) y = 2
<latexit sha1_base64="bE201oS3GsvBwltMTYvrQMn4niQ="></latexit>

=) x = ±2
p
2

<latexit sha1_base64="Wz2zFOXv6EHSC/K6i4mUhIigj2o="></latexit>

q
f(±2

p
2, 2) =

p
8 + 4

<latexit sha1_base64="jN7prUBj9ODJ/VTovxiJmT7H0wQ="></latexit>

= 2
p
3

<latexit sha1_base64="CVAikVrxrO4CA4uGkAFp85AhCLk="></latexit>

rL = ~0
<latexit sha1_base64="40vPkCGFZikUOtIGRRHoahp33kQ="></latexit>

distance:



Faites les exercices suivants

p. 818 # 1, 3 à 6

( p. 819 # 1, 3 à 6 )



On peut faire la même chose pour des fonctions à trois variables

f(x, y, z)
<latexit sha1_base64="PF+rZncYWUIHAVEdV6rgCwvUrF0="></latexit>

g(x, y, z) = 0
<latexit sha1_base64="DETBaHnV+WibO9KeLh2M/b5V0f8="></latexit>

avec la contrainte

Mais l’interprétation géométrique est un peu plus compliquer à 
visualiser.

g(x, y, z) = 0
<latexit sha1_base64="DETBaHnV+WibO9KeLh2M/b5V0f8="></latexit>

est une surface de niveau

Les valeurs extrêmes se produiront lorsqu’une surfaces de niveau de 

f(x, y, z)
<latexit sha1_base64="PF+rZncYWUIHAVEdV6rgCwvUrF0="></latexit>

sera tangente à la surface de niveau g(x, y, z) = 0
<latexit sha1_base64="DETBaHnV+WibO9KeLh2M/b5V0f8="></latexit>

et donc leurs plans tangents seront confondus.

Donc leurs vecteurs normal seront parallèles.

rf(x, y, z) = �rg(x, y, z)
<latexit sha1_base64="+gbFMbWeGx+bYIoGH3HC5Ae9etk="></latexit>



Exemple Trouver les valeurs extrêmes de f(x, y, z) = x+ y � z
<latexit sha1_base64="RRxXnUO8so9LMXuvDUsEqRlQEYs="></latexit>

x2 + y2 + z2 = 1
<latexit sha1_base64="m7/RMe4dfBuI5ySBCv3HBnooTOw="></latexit>

L(x, y, z,�) = x+ y � z + �(x2 + y2 + z2 � 1)
<latexit sha1_base64="NCvv0HEs2gVrrmPEiMqG/8myuTo="></latexit>

sur la sphère

@L

@x
= 1 + 2�x

<latexit sha1_base64="A8EgCnzRiZAgylUTSR1d9mgosBE="></latexit>

@L

@y
= 1 + 2�y

<latexit sha1_base64="FIRVzwAleSUsk5BCZzKq8tEVz1Q="></latexit>

@L

@z
= �1 + 2�z

<latexit sha1_base64="xXnp7qDyqT/69m8sfnXvilcAtNQ="></latexit>

@L

@�
= x2 + y2 + z2 � 1

<latexit sha1_base64="VY3J+hO0fDC33kpCOXDzR8B8kmk="></latexit>

= 0
<latexit sha1_base64="hF4tfsiwN7SX9EbpsoLMHPLvmmc="></latexit>

= 0
<latexit sha1_base64="hF4tfsiwN7SX9EbpsoLMHPLvmmc="></latexit>

= 0
<latexit sha1_base64="hF4tfsiwN7SX9EbpsoLMHPLvmmc="></latexit>

= 0
<latexit sha1_base64="hF4tfsiwN7SX9EbpsoLMHPLvmmc="></latexit>

=) x = � 1

2�
<latexit sha1_base64="zMmYy688LwDmNIH0wgpHY17D3S0="></latexit>

=) y = � 1

2�
<latexit sha1_base64="f/D+cnfYxeT7k6Xkk6oSJbAi47Y="></latexit>

=) z =
1

2�
<latexit sha1_base64="jr2vpbzvriq0lo8SvYOn7k696iA="></latexit>

x = y = �z
<latexit sha1_base64="sGYKyayLqdoaxWMP4cT58Eq2E44="></latexit>

o

<latexit sha1_base64="GDgse8GykjQ8IBejj/7qjP79ce4="></latexit>



Exemple Trouver les valeurs extrêmes de f(x, y, z) = x+ y � z
<latexit sha1_base64="RRxXnUO8so9LMXuvDUsEqRlQEYs="></latexit>

x2 + y2 + z2 = 1
<latexit sha1_base64="m7/RMe4dfBuI5ySBCv3HBnooTOw="></latexit>

L(x, y, z,�) = x+ y � z + �(x2 + y2 + z2 � 1)
<latexit sha1_base64="NCvv0HEs2gVrrmPEiMqG/8myuTo="></latexit>

sur la sphère

@L

@�
= x2 + y2 + z2 � 1

<latexit sha1_base64="VY3J+hO0fDC33kpCOXDzR8B8kmk="></latexit>

= 0
<latexit sha1_base64="hF4tfsiwN7SX9EbpsoLMHPLvmmc="></latexit>

x = y = �z
<latexit sha1_base64="sGYKyayLqdoaxWMP4cT58Eq2E44="></latexit>

=) 3x2 = 1
<latexit sha1_base64="3IXNiZNQg7KOWDvOkdaGj0+1Op4="></latexit> =) x = ±

p
3

3
<latexit sha1_base64="LHjdDY7VI5KvfvjK4vFGhvspnV8="></latexit>

f

 p
3

3
,

p
3

3
,�

p
3

3

!
=

p
3

3
+

p
3

3
+

p
3

3
=

p
3

<latexit sha1_base64="Lu453TVfPgfizj+l6bHIks6gNn4="></latexit>

f

 
�
p
3

3
,�

p
3

3
,

p
3

3

!
= �

p
3

3
�

p
3

3
�

p
3

3
= �

p
3

<latexit sha1_base64="gyd8m9ld7cPKMMKakW/crJ1AHt0="></latexit>

max

min



Faites les exercices suivants

p. 819 # 7 à 13

( p. 819 # 7 à 13 )



Aujourd’hui, nous avons vu

Extremums sur une région bornée 

Multiplicateur de Lagrange



Devoir:

p. 810 # 27 à 32 p. 818 # 1, 3 à 13

( p. 810 # 25 à 30 ) ( p. 819 # 1, 3 à 13 )


