
cours 20

3.4 APPLICATIONS ET 
AIRE DE SURFACE



Au dernier cours, nous avons vu

Coordonnées polaires. 

Changement de variables en coordonnées polaires. 

Une intégrale importante en probabilité.



Aujourd’hui, nous allons voir

Applications de l’intégrale double. 

L’aire d’une surface.



Valeur moyenne

Aire =

Z b

a
f(x)dx

<latexit sha1_base64="tm98GUGcY/FjB1lcGR83fhMl/5c="></latexit>

= base⇥ hauteur
<latexit sha1_base64="ETtfmXXuDpo/oBaX3IqUiTPJqwU="></latexit>

= (b� a)⇥ hauteur
<latexit sha1_base64="A/xBs3SAgu1ztM4eTgUvUHvUP84="></latexit>

= (b� a)⇥ ȳ
<latexit sha1_base64="JOQGmTt15uf7gfiFafEyaFeXrvE="></latexit>

ȳ =
1

b� a

Z b

a
f(x)dx

<latexit sha1_base64="HrIofoNtGlM0/G6k7TCqasuvrKc="></latexit>



Volume =

ZZ

R
f(x, y)dV

<latexit sha1_base64="R2HAeliY84shi3X+5GnIGBJJLsE=">AAADFXicjVJNTxRBEH0MfiB+rXgkIRM3JpiYzQya6MWE4MUjEnchYclmZrYXO8xXZnoIkw03/gP/gStcuRGvnP0HevMn+LpsjEqM9mR6Xr+qV1NVXXGZ6toEwecZb/bGzVu35+7M3713/8HDzqOFQV00VaL6SZEW1VYc1SrVueobbVK1VVYqyuJUbcZ7b619c19VtS7yD6Yt1U4W7eZ6opPIkBp1loZGHZjpoEibTB2+GWqdm9 GGP1k+eN4+Gw9GnW7QC2T510HoQBdurRedbxhijAIJGmRQyGGIU0So+WwjRICS3A6m5CoiLXaFQ8xT29BL0SMiu8d9l6dtx+Y825i1qBP+JeVbUenjKTUF/Spi+zdf7I1EtuzfYk8lps2t5Td2sTKyBh/J/kt35fm/OluLwQSvpQbNmkphbHWJi9JIV2zm/i9VGUYoyVk8pr0iTkR51WdfNLXUbnsbif2LeFrWnhPn2+Cry1JhX6K2P7Ofyh1q2kvpZUtkuMstcSTCPwfgOhis9MIXvfD9y+7qmhuOOSziCZY5Aa+windYR5/ZHOEEpzjzjr1z78L79MPVm3Gax/hteZffAS63p1c=</latexit>

= Aire(R)⇥ z̄
<latexit sha1_base64="Ya8HQ8izQ3EYdWbIXmvM43RVsx8="></latexit>

Aire(R) =

ZZ

R
dV

<latexit sha1_base64="2zUaJopd3wZV+rfA0TFLZ7H9DrA="></latexit>

z̄ =

ZZ

R
f(x, y)dV

ZZ

R
dV

<latexit sha1_base64="eZgu2HWcuKBoiuREBGiirEvA49U="></latexit>



Exemple Trouver la valeur moyenne de la fonction
sur la région délimitée par 
y = x

<latexit sha1_base64="/H87fIPb1z5G33CeRn6mhgmHZ8E="></latexit>

y = �x
<latexit sha1_base64="27adrWu11NFe5eaeAAwpB5qB4lY="></latexit>

x2 + y2 = 9
<latexit sha1_base64="DDkrrhmmrKf8WlQQwctm7PNckDc="></latexit>

x2 + y2 = 4
<latexit sha1_base64="OwlQSKK3DIu+lMpQoItZRed0NOA="></latexit>

0  y
<latexit sha1_base64="ct1Sl6aIt1HzTve4ubNsk+ILglE="></latexit>

= 5

✓
3⇡

4
� ⇡

4

◆

<latexit sha1_base64="UhYcofhmY8/CXtAlRf5vfMybfts="></latexit>

=

Z 3⇡
4

⇡
4

5d✓
<latexit sha1_base64="vgdysTKu63Y/25jZKFD73HRjVsM="></latexit>

=
5⇡

2
<latexit sha1_base64="4j7uStkXmeZkWXpeWpx6sztop1c="></latexit>

=

Z 3⇡
4

⇡
4

Z 3

2
r drd✓

<latexit sha1_base64="0eSMbne05GzxnZpiho9U3Z971Ks="></latexit>

A
<latexit sha1_base64="wYtHjzDL4+JuLT6i7eepdxfn3OM="></latexit>

f(x) =
y

x2 + y2
<latexit sha1_base64="Ch6Fk0tXj5p72aa9Garaslj9cWc=">AAADDXicjVLLbtRAEKyYVwiPLCBx4WKxQgpCWtkLElyQIrhwDBKbRMpL9mQ2jOK1rfE4imX2G/gHrnDlhrjyDfwB3PgEapoJAiIEY3lcU93V7u7pvC5M45Lk80J05uy58xcWLy5dunzl6vLg2vX1pmqt0hNVFZXdzLNGF6bUE2dcoTdrq7NZXuiN/PCpt28caduYqnzhulrvzLKD0kyNyhypvcHN6crx3cfbU5upvpv3x7vje9 3ueL43GCajRFZ8GqQBDBHWWjX4hm3so4JCixk0SjjiAhkaPltIkaAmt4OenCUyYteYY4nall6aHhnZQ+4HPG0FtuTZx2xErfiXgq+lMsYdair6WWL/t1jsrUT27N9i9xLT59bxm4dYM7IOL8n+S3fi+b86X4vDFI+kBsOaamF8dSpEaaUrPvP4l6ocI9TkPN6n3RIrUZ70ORZNI7X73mZi/yKenvVnFXxbfA1ZahxJ1O5n9r3coaG9ll52RI673BJHIv1zAE6D9fEovT9Knz8Yrj4Jw7GIW7iNFU7AQ6ziGdYwYTav8AZv8S56Hb2PPkQff7hGC0FzA7+t6NN3ZImj0w==</latexit>



Exemple Trouver la valeur moyenne de la fonction
sur la région délimitée par 
y = x

<latexit sha1_base64="/H87fIPb1z5G33CeRn6mhgmHZ8E="></latexit>

y = �x
<latexit sha1_base64="27adrWu11NFe5eaeAAwpB5qB4lY="></latexit>

x2 + y2 = 9
<latexit sha1_base64="DDkrrhmmrKf8WlQQwctm7PNckDc="></latexit>

x2 + y2 = 4
<latexit sha1_base64="OwlQSKK3DIu+lMpQoItZRed0NOA="></latexit>

0  y
<latexit sha1_base64="ct1Sl6aIt1HzTve4ubNsk+ILglE="></latexit>=

5⇡

2
<latexit sha1_base64="4j7uStkXmeZkWXpeWpx6sztop1c="></latexit>

A
<latexit sha1_base64="wYtHjzDL4+JuLT6i7eepdxfn3OM=">AAAC9nicjVJNS8NAEH3Gr/pd9eglWARPJVFBj1UvHhWsFrRIkm7rYpqEZFMMxV/gVa/exKt/x3+gN3+Cs+MqahHdkM3bN/MmM7PjJ6HMlOM8DVnDI6Nj46WJyanpmdm58vzCURbnaSDqQRzGacP3MhHKSNSVVKFoJKnwun4ojv2LXW0/7ok0k3F0qIpENLteJ5JtGXiKqIPts3LFqTq87EHgGlCBWftx+RWnaCFGgBxdCERQhE N4yOg5gQsHCXFN9IlLCUm2C1xhkrQ5eQny8Ii9oL1DpxPDRnTWMTNWB/SXkN6UlDZWSBOTX0pY/81me86RNftb7D7H1LkV9PVNrC6xCufE/qX78PyvTtei0MYW1yCppoQZXV1gouTcFZ25/aUqRRES4jRukT0lHLDyo882azKuXffWY/sze2pWnwPjm+PFZCnQ46jFZ/Z9vkNJ9oR7WRBStPMt0Ui4PwdgEBytVd31qnuwUantmOEoYQnLWKUJ2EQNe9hHnbO5xg1urUvrzrq3Ht5drSGjWcS3ZT2+AVi8mwg=</latexit>

f(x) =
y

x2 + y2
<latexit sha1_base64="Ch6Fk0tXj5p72aa9Garaslj9cWc=">AAADDXicjVLLbtRAEKyYVwiPLCBx4WKxQgpCWtkLElyQIrhwDBKbRMpL9mQ2jOK1rfE4imX2G/gHrnDlhrjyDfwB3PgEapoJAiIEY3lcU93V7u7pvC5M45Lk80J05uy58xcWLy5dunzl6vLg2vX1pmqt0hNVFZXdzLNGF6bUE2dcoTdrq7NZXuiN/PCpt28caduYqnzhulrvzLKD0kyNyhypvcHN6crx3cfbU5upvpv3x7vje9 3ueL43GCajRFZ8GqQBDBHWWjX4hm3so4JCixk0SjjiAhkaPltIkaAmt4OenCUyYteYY4nall6aHhnZQ+4HPG0FtuTZx2xErfiXgq+lMsYdair6WWL/t1jsrUT27N9i9xLT59bxm4dYM7IOL8n+S3fi+b86X4vDFI+kBsOaamF8dSpEaaUrPvP4l6ocI9TkPN6n3RIrUZ70ORZNI7X73mZi/yKenvVnFXxbfA1ZahxJ1O5n9r3coaG9ll52RI673BJHIv1zAE6D9fEovT9Knz8Yrj4Jw7GIW7iNFU7AQ6ziGdYwYTav8AZv8S56Hb2PPkQff7hGC0FzA7+t6NN3ZImj0w==</latexit>

z̄ =
2

5⇡

Z 3⇡
4

⇡
4

Z 3

2

r sin ✓

r2
r drd✓

<latexit sha1_base64="LYiZcHkLJVgQHDHpdVeFNL0nlPg="></latexit>

=
2

5⇡

Z 3⇡
4

⇡
4

Z 3

2
sin ✓ drd✓

<latexit sha1_base64="87YPbNL5CiBLWWWU2wbx83AAJ4s="></latexit>

=
2

5⇡

Z 3⇡
4

⇡
4

5 sin ✓ d✓
<latexit sha1_base64="FYmUavK3PrbjeVQPIMqlKEUNTmE="></latexit>

=
2

⇡

✓
� cos

3⇡

4
+ cos

⇡

4

◆

<latexit sha1_base64="1RSmwH/FsMPURFMtOqJWmt5YkAQ="></latexit>

=
2
p
2

⇡
<latexit sha1_base64="fJ9d2yNQO4qWY+z0+tzGCgcplZA="></latexit>



Faites les exercices suivants

p.858 # 33 et 34



Pour trouver la masse d’une plaque occupant une région R
<latexit sha1_base64="RDjrqD/CgSmaJTFw8Jx6WvBZVt4="></latexit>

M =

ZZ

R
dm

<latexit sha1_base64="VsXz81e0EkJMlm1Nl4u4pq1JySw="></latexit>

Mais si la masse est répartie selon une fonction de densité 

⇢(x, y) = lim
�A!0

�m

�A<latexit sha1_base64="v3EPAw7C5U9TmNQ3dKNicllFj8Y="></latexit>

M =

ZZ

R
⇢(x, y)dA

<latexit sha1_base64="sqMeV5kHz2gZk4rc+MGg73uPgm4="></latexit>



Exemple Trouver la masse d’un disque de rayon 2 dont la densité 
est donnée par 

⇢(x, y) =
1

1 + x2 + y2
<latexit sha1_base64="x2F83sEhhipu8S1pU9dlhrL2CxU="></latexit>

M =

Z 2⇡

0

Z 2

0

r

1 + r2
drd✓

<latexit sha1_base64="XVaE3DoZeHPLeAzf50hbO6TeZ7c="></latexit>

=

Z 2⇡

0

ln |1 + r2|
2

����
2

0

d✓
<latexit sha1_base64="WwDtvlmS9bEEXokmhqYHxBduoSI="></latexit>

=

Z 2⇡

0

ln 5

2
d✓

<latexit sha1_base64="2oQujGM3YGUO9Ern4gg4wFn2Pkg="></latexit>

= ⇡ ln 5
<latexit sha1_base64="iPIOddwjldPft8cFAgE6FbujL6A="></latexit>

u = 1 + r2
<latexit sha1_base64="NaaNWO2QuBbtpUIPM6Prin+pg/w="></latexit>

du = 2rdr
<latexit sha1_base64="hM4s5TB8OPcdwg7MS2g+46NkbQw="></latexit>



En algèbre linéaire, on a vu comment trouver le barycentre d’un 
ensemble de points.

#    »
OB =

1

n

nX

k=1

#    »
OP k

<latexit sha1_base64="PPOIhFguIwtklrDOyWiRLOhlYHg="></latexit>

Mais qu’arrive-t-il si le nombre de points est infini?



1

nm

nX

i=1

mX

j=1

(xi, yj)

<latexit sha1_base64="yLhjMkEVDGDNR8Qmbn8q+dPgNU4=">AAADUHicjVJdT9RAFD3bFYRFYIFHXho3JJiQTQsk+mJC8MVHTFwgYbFph1kc6FemU+Km2X/hr/FVf4Fv/AP9B77BnbtDohKRadqeOfecO3PvTFKmqjJBcN3y2k9mZp/OzXcWni0uLXdXVg+rotZCDkSRFvo4iSuZqlwOjDKpPC61jLMklUfJ5RsbP7qSulJF/t6MS3maxee5GikRG6Kibn840rFowkmTZ5NhVWdRo16Hkw/5FF 9YnG1+itSWP44uXkTdXtAPePj3QehAD24cFCutGQxxhgICNTJI5DCEU8So6DlBiAAlcadoiNOEFMclJuiQtyaVJEVM7CV9z2l24tic5jZnxW5Bq6T0anL62CBPQTpN2K7mc7zmzJb9V+6Gc9q9jemfuFwZsQYfif2f7075WJ+txWCEV1yDoppKZmx1wmWpuSt25/5vVRnKUBJn8RnFNWHBzrs+++ypuHbb25jjP1hpWTsXTlvj54PVWceVW8HuyiolM5o7Na2z4dNWpC2562NChr58nnR7wr/vyn1wuN0Pd/rhu93e3r67R3NYx3Ns0l15iT28xQEGtI/P+IKv+OZ99355N+3WVOq5P9bwx2h3bgFHW7Q0</latexit>

=

0

@ 1

nm

nX

i=1

mX

j=1

xi,
1

nm

nX

i=1

mX

j=1

yj

1

A

<latexit sha1_base64="g84tikZgQssRx7hereQJi1gbFug="></latexit>

=

0

@ 1

nm�A

nX

i=1

mX

j=1

xi�A,
1

nm�A

nX

i=1

mX

j=1

yj�A

1

A

<latexit sha1_base64="tH00vD9kTKXkXV4L8z2GI10nWsU="></latexit>



1

nm

nX

i=1

mX

j=1

(xi, yj)

<latexit sha1_base64="yLhjMkEVDGDNR8Qmbn8q+dPgNU4="></latexit>

=

0

@ 1

nm�A

nX

i=1

mX

j=1

xi�A,
1

nm�A

nX

i=1

mX

j=1

yj�A

1

A

<latexit sha1_base64="tH00vD9kTKXkXV4L8z2GI10nWsU="></latexit>

=

0

@ 1

A

nX

i=1

mX

j=1

xi�A,
1

A

nX

i=1

mX

j=1

yj�A

1

A

<latexit sha1_base64="l0DyhcFp+P49FgjfM0z1OFzBoEU="></latexit>

=

0

@ 1

A

nX

i=1

mX

j=1

xi�xi�yj ,
1

A

nX

i=1

mX

j=1

yj�xi�yj

1

A

<latexit sha1_base64="iKDe678n9yo8EIkJWtmpp6BSI0U="></latexit>

lim
n!1
m!1

1

nm

nX

i=1

mX

j=1

(xi, yj) =

0

BB@

ZZ

R
x dxdy

ZZ

R
dxdy

,

ZZ

R
y dxdy

ZZ

R
dxdy

1

CCA

<latexit sha1_base64="C9AsMUAlW0osdKhujSNxi7MfzxA="></latexit>



En jumelant cette idée et celle de la masse, on peut trouver 
le centre de masse.

x̄ =

ZZ

R
x⇢(x, y) dxdy

ZZ

R
⇢(x, y) dxdy

<latexit sha1_base64="6JWrbPZGzMqoAPlzlfbX2E3ZzHQ="></latexit>

ȳ =

ZZ

R
y⇢(x, y) dxdy

ZZ

R
⇢(x, y) dxdy

<latexit sha1_base64="itBIir1XUu4aWUd3Bw1McFK+ugc="></latexit>



Exemple Une plaque à une forme d’un secteur circulaire de 
rayon 3 et d’angle d’ouverture     .⇡

3
<latexit sha1_base64="Y0ETG6N6nYwxbW01znQi2yQNRM8="></latexit>

Trouver son centre de masse si sa densité en chaque point est 2 fois le 
carré de sa distance au centre.

⇢(x, y) = 2(x2 + y2)
<latexit sha1_base64="m5JHV35edXA9VEpO1cuMNrBwmcQ="></latexit>

=

Z ⇡
3

0

r4

2

���
3

0
d✓

<latexit sha1_base64="4hT08BmCUnvQJMK1CJ8h4mdvAuQ="></latexit>

=

Z ⇡
3

0

34

2
d✓

<latexit sha1_base64="dsmTE+MW6FwVle4j0iutzQpdS3c="></latexit>

=
27⇡

2
<latexit sha1_base64="wtY59OxAjrf3BmJZrt73sklxcS0="></latexit>

=

Z ⇡
3

0

Z 3

0
2r2 rdrd✓

<latexit sha1_base64="nLkAVvdFcE2emJ/8vtBc6GmAvhE="></latexit>

M
<latexit sha1_base64="10kLUkC455/5zC+gSC0KF5DhKxM=">AAADIXicjVLLSsNAFD2NVuvb6tJNsAiuSqKCLotu3AgVrBZUJEmnOpgmYTIRSvEL3OoX+DXuxJ34A/oX3rmO4AMfE5KcOfecO3PvTJjFMtee91hyhobLI6OVsfGJyanpmdnq3H6eFioSrSiNU9UOg1zEMhEtLXUs2pkSQS+MxUF4vmXiBxdC5TJN9nQ/E8e94DSRXRkFmqjdnZPZmlf3eLjfgW9BDXY002qpjCN0kCJCgR4EEm jCMQLk9BzCh4eMuGMMiFOEJMcFLjFO3oJUghQBsef0PaXZoWUTmpucObsjWiWmV5HTxRJ5UtIpwmY1l+MFZzbsT7kHnNPsrU//0ObqEatxRuxfvnflf32mFo0uNrgGSTVlzJjqIpul4K6YnbsfqtKUISPO4A7FFeGIne99dtmTc+2mtwHHn1lpWDOPrLbAy6/VGceFXcHsyigFM4o79VbngE9bkjbjrvcJafryedLt8b/ele9gf6Xur9b93bVaY9PeowoWsIhluivraGAbTbR431e4xo1z69w5987Dm9QpWc88Pg3n6RWVLqMj</latexit>

= 2r2
<latexit sha1_base64="nzZaV0/XqT/lCsUqFcLfLQeNpEQ="></latexit>



Exemple Une plaque à une forme d’un secteur circulaire de 
rayon 3 et d’angle d’ouverture     .⇡

3
<latexit sha1_base64="Y0ETG6N6nYwxbW01znQi2yQNRM8="></latexit>

Trouver son centre de masse si sa densité en chaque point est 2 fois le 
carré de sa distance au centre.

⇢(x, y) = 2(x2 + y2)
<latexit sha1_base64="m5JHV35edXA9VEpO1cuMNrBwmcQ="></latexit>

=
27⇡

2
<latexit sha1_base64="wtY59OxAjrf3BmJZrt73sklxcS0="></latexit>

M
<latexit sha1_base64="10kLUkC455/5zC+gSC0KF5DhKxM="></latexit>

x = r cos ✓
<latexit sha1_base64="idf8aSH+0/mjJ/9odZhEud6xNNI="></latexit>

=
2

27⇡

Z ⇡
3

0

Z 3

0
2r4 cos ✓ drd✓

<latexit sha1_base64="dKcNlmT4CbapdKTWvNMh+QPu06Q="></latexit>

x̄
<latexit sha1_base64="lFGg+vYDe0qypsT7MrfqM8NIUL0="></latexit>

=
4 · 32

5⇡

⇣
sin

⇡

3
� sin 0

⌘

<latexit sha1_base64="Wj3FwkAsdDMRScGfpv/B4x2v3Vo="></latexit>

=
18

p
3

5⇡
<latexit sha1_base64="PRxRNq/Hf0QGuCnLZH87i5WrvZY="></latexit>

=
4

33⇡

Z ⇡
3

0

35

5
cos ✓ d✓

<latexit sha1_base64="Ewmhza+clSuBUI7fp2AKjqkAlSw="></latexit>

= 2r2
<latexit sha1_base64="nzZaV0/XqT/lCsUqFcLfLQeNpEQ="></latexit>



Exemple Une plaque à une forme d’un secteur circulaire de 
rayon 3 et d’angle d’ouverture     .⇡

3
<latexit sha1_base64="Y0ETG6N6nYwxbW01znQi2yQNRM8="></latexit>

Trouver son centre de masse si sa densité en chaque point est 2 fois le 
carré de sa distance au centre.

⇢(x, y) = 2(x2 + y2)
<latexit sha1_base64="m5JHV35edXA9VEpO1cuMNrBwmcQ="></latexit>

=
27⇡

2
<latexit sha1_base64="wtY59OxAjrf3BmJZrt73sklxcS0="></latexit>

M
<latexit sha1_base64="10kLUkC455/5zC+gSC0KF5DhKxM="></latexit>

x̄
<latexit sha1_base64="lFGg+vYDe0qypsT7MrfqM8NIUL0="></latexit> =

18
p
3

5⇡
<latexit sha1_base64="PRxRNq/Hf0QGuCnLZH87i5WrvZY="></latexit>

ȳ
<latexit sha1_base64="RWrCRvzL9/HhxaIn5yuEU9crk9g="></latexit>

y = r sin ✓
<latexit sha1_base64="BsTvw+6rzg4SGWRRbUQ1QzZKpao="></latexit>

=
2

27⇡

Z ⇡
3

0

Z 3

0
2r4 sin ✓ drd✓

<latexit sha1_base64="lgfgxbf4PrtQnItth8qkpnKXsmM="></latexit>

=
36

5⇡

Z ⇡
3

0
sin ✓ d✓

<latexit sha1_base64="RvB7h8lIpcjpoh/57dVavn9iHmg="></latexit>

=
36

5⇡

⇣
� cos

⇡

3
+ cos 0

⌘

<latexit sha1_base64="oYECL4aXQbvCMCDr3jJ18boIdSM="></latexit>

=
18

5⇡
<latexit sha1_base64="OUUVjYXuLhmv4f+iXoRZEu0D+hU="></latexit>

= 2r2
<latexit sha1_base64="nzZaV0/XqT/lCsUqFcLfLQeNpEQ="></latexit>



Exemple Une plaque à une forme d’un secteur circulaire de 
rayon 3 et d’angle d’ouverture     .⇡

3
<latexit sha1_base64="Y0ETG6N6nYwxbW01znQi2yQNRM8="></latexit>

Trouver son centre de masse si sa densité en chaque point est 2 fois le 
carré de sa distance au centre.

⇢(x, y) = 2(x2 + y2)
<latexit sha1_base64="m5JHV35edXA9VEpO1cuMNrBwmcQ="></latexit>

=
27⇡

2
<latexit sha1_base64="wtY59OxAjrf3BmJZrt73sklxcS0="></latexit>

M
<latexit sha1_base64="10kLUkC455/5zC+gSC0KF5DhKxM="></latexit>

x̄
<latexit sha1_base64="lFGg+vYDe0qypsT7MrfqM8NIUL0="></latexit> =

18
p
3

5⇡
<latexit sha1_base64="PRxRNq/Hf0QGuCnLZH87i5WrvZY="></latexit>

ȳ
<latexit sha1_base64="RWrCRvzL9/HhxaIn5yuEU9crk9g="></latexit>

y = r sin ✓
<latexit sha1_base64="BsTvw+6rzg4SGWRRbUQ1QzZKpao="></latexit>

=
18

5⇡
<latexit sha1_base64="OUUVjYXuLhmv4f+iXoRZEu0D+hU="></latexit>

= 2r2
<latexit sha1_base64="nzZaV0/XqT/lCsUqFcLfLQeNpEQ="></latexit>



Faites les exercices suivants

p.866 # 3 à 10

p.867 # 3 à 10



Aire d’une surface



~r(x) = (x, b, f(x, b))
<latexit sha1_base64="mHPWJa7P82Dqj0qPD0CP+ERvLTM=">AAADD3icjVLLahRBFD1pH4nxNTEbwU3jIMxAGLpjQDdCMJssIzhJIAmhu1ITi/R0N9XVQ4Yh/oP/4Fa37sRtPsE/0J2f4KlrRdQgWk1XnTr3nlv33qq8LkzjkuTzXHTl6rXr8ws3Fm/eun3nbmfp3nZTtVbpoaqKyu7mWaMLU+qhM67Qu7XV2Tgv9E5+suHtOxNtG1OVL9201gfj7Lg0I6MyR+qwc39/olVse6f9Z73TlThfiU dc837/sNNNBomM+DJIA+gijK2q8w37OEIFhRZjaJRwxAUyNPz2kCJBTe4AM3KWyIhd4wyL1Lb00vTIyJ5wPuZuL7Al9z5mI2rFUwr+lsoYj6ip6GeJ/Wmx2FuJ7Nm/xZ5JTJ/blGseYo3JOrwi+y/dhef/6nwtDiM8lRoMa6qF8dWpEKWVrvjM41+qcoxQk/P4iHZLrER50edYNI3U7nubif2LeHrW71XwbfE1ZKkxkajTn9nP5A4N7bX0ckrkOMst8Umkfz6Ay2B7dZA+HqQv1rrrz8PjWMADPESPL+AJ1rGJLQyZzWu8xTu8j95EH6KP0acfrtFc0CzjtxGdfwdAUKKQ</latexit>

~s(y) = (a, y, f(a, y))
<latexit sha1_base64="+W0RzbBkcu4bFDAxzhIBN53Gezo=">AAADD3icjVLLShxBFD22eRjzmphNwE2TITADMnSbgG4EMZssDTgqqEh3WWMKe7qb7uqBZoj/4D+4TbbuQrb5hPxBsssn5NRNKSYSkmq66tS599y691alZWZqG0VfZ4LZW7fv3J27N3//wcNHjztPFrbroqmUHqoiK6rdNKl1ZnI9tMZmeresdDJOM72Tnrx29p2JrmpT5Fu2LfXBODnOzcioxJI67Dzbn2gV1r22v9ZLlsJ2KR xxbfv9w043GkQywpsg9qALPzaLzg/s4wgFFBqMoZHDEmdIUPPbQ4wIJbkDTMlVREbsGu8xT21DL02PhOwJ52Pu9jybc+9i1qJWPCXjX1EZ4gU1Bf0qYndaKPZGIjv2b7GnEtPl1nJNfawxWYt3ZP+lu/T8X52rxWKEVanBsKZSGFed8lEa6YrLPLxWlWWEkpzDR7RXxEqUl30ORVNL7a63idi/iadj3V553wbffZYaE4naXmU/lTs0tJfSy5bIcpZb4pOI/3wAN8H28iB+OYjfvuqub/jHMYdFPEePL2AF63iDTQyZzSnO8QEfg7PgIvgUfP7lGsx4zVP8NoIvPwFFI6KS</latexit>

Aire = k~u ^ ~vk
<latexit sha1_base64="7Gyvx5KQJD7d1TlGPrVN0LQz/Ns="></latexit>



~u = ~r(a+�x)� ~r(a)
<latexit sha1_base64="/A7ltR3UMgiy56exWM/8SuvqCg4="></latexit>

=
~r(a+�x)� ~r(a)

�x
�x

<latexit sha1_base64="9ler91OU4vbtfXVqDc3f+H6vd/E="></latexit>

~v = ~s(b+�y)� ~s(b)
<latexit sha1_base64="noQ5kI4ANqiTYNr0be//caZSV4Q="></latexit>

=
~s(b+�y)� ~s(b)

�y
�y

<latexit sha1_base64="vLIF8t08qXROcGYgmbABlvVpHJw="></latexit>

=

����

✓
~r(a+�x)� ~r(a)

�x
�x

◆
^
✓
~s(b+�y)� ~s(b)

�y
�y

◆����
<latexit sha1_base64="sBzFGmVPXzfvGUr1BLMdSlIYXOY="></latexit>

=

����

✓
~r(a+�x)� ~r(a)

�x

◆
^
✓
~s(b+�y)� ~s(b)

�y

◆�����x�y
<latexit sha1_base64="s/2eCTJGLpPb+D8WXpU93Hc2xxs="></latexit>

k~u ^ ~vk
<latexit sha1_base64="8SxYhjaJOSF0xe4S41fT0wApNXw=">AAADDXicjVJNb9NAEH01Hy2FQgCJSy8WERKnyG6R6LGCC8dUImmluqrszTZd1bEtex0UJfwG/gNXuHJDXPsb+Adw4yf07XRbAVUFa3n99s288czsZFVuGhtF35eCGzdv3V5eubN6997a/Qedh4+GTdnWSg9UmZf1XpY2OjeFHlhjc71X1TqdZLnezU5eO/vuVNeNKYu3dlbpg0k6LsyRUaklddh5kiySqVZhm7zTo7EWPE0Wh5 1u1ItkhVdB7EEXfvXLzi8kGKGEQosJNApY4hwpGj77iBGhIneAObmayIhd4z1WqW3ppemRkj3hPuZp37MFzy5mI2rFv+R8aypDPKOmpF9N7P4Wir2VyI69LvZcYrrcZvxmPtaErMUx2X/pLjz/V+dqsTjCltRgWFMljKtO+SitdMVlHv5WlWWEipzDI9prYiXKiz6HommkdtfbVOw/xNOx7qy8b4ufPkuNqUSdXWY/lzs0tFfSyxmR5S63xJGI/x6Aq2C40Ys3e/HOi+72Kz8cK1jHUzznBLzENt6gjwGzWeAjPuFz8CH4EnwNvp27Bkte8xh/rOD0DIX/pEE=</latexit>

lim
�x!0
�y!0

k~u ^ ~vk = k~r 0(a) ^ ~s 0(b)kdxdy
<latexit sha1_base64="7DBZbqHx4TOl4Vp7q1maHDrYH5Q="></latexit>



~r(x) = (x, b, f(x, b))
<latexit sha1_base64="mHPWJa7P82Dqj0qPD0CP+ERvLTM="></latexit>

~s(y) = (a, y, f(a, y))
<latexit sha1_base64="+W0RzbBkcu4bFDAxzhIBN53Gezo="></latexit>

~r 0(x) =

✓
1, 0,

@f

@x

◆

<latexit sha1_base64="jctrijFiLVdfim+/xd3C7bZJMaQ="></latexit>

~s 0(y) =

✓
0, 1,

@f

@y

◆

<latexit sha1_base64="jafNCqw0kz01vKAYTSdRp9eCNC8="></latexit>

~r 0(x) ^ ~s 0(y)
<latexit sha1_base64="PYNuOYLMnKVdGSZ2v/xAR2Zo3f8="></latexit>

=

������

~ı ~| ~k
1 0 fx
0 1 fy

������
<latexit sha1_base64="sIyUq5uMSFJ/bojVfT9FsbTvMtE="></latexit>

= (�fx,�fy, 1)
<latexit sha1_base64="VWjHCaNuhG28jni4MsgVZ69o9jE="></latexit>

k~r 0(x) ^ ~s 0(y)k =
q

1 + f2
x + f2

y
<latexit sha1_base64="ZORbXukaYZTGLHD47L6hFN3CrB4="></latexit>



Aire =

ZZ

R

s

1 +

✓
@f

@x

◆2

+

✓
@f

@y

◆2

dxdy
<latexit sha1_base64="PaB2hWBt1XDavrIX1JsXcAGn3nQ="></latexit>

lim
n!1
m!1

nX

i=1

mX

j=1

����

✓
~r(xi +�xi)� ~r(xi)

�xi

◆
^
✓
~s(yj +�yj)� ~s(yj)

�yj

◆�����xi�yj
<latexit sha1_base64="Bf9nfYebkemrVHBKELwYmAWUS6M="></latexit>

Donc la somme de Riemann

nous donnes



Exemple Calculer l’aire du plan

1  x  3
<latexit sha1_base64="uZF0mnuh0ypvIUPP33p8RhUlh/s="></latexit>

0  y  2
<latexit sha1_base64="Qak+zGHLFoXShvysRJgyWv3uIcI="></latexit>

f(x, y) = 2x� 3y + 7
<latexit sha1_base64="F2yfkZsUTrW+LcOiOBDmr3G1fZg="></latexit>

dans le rectangle

fx = 2
<latexit sha1_base64="ZfvKIsGrHIZiFCjm2zgQbZsFGcw="></latexit>

fy = �3
<latexit sha1_base64="+f/3eRZLonJ9xfpOEakdjqA0fB4="></latexit>

Z 3

1

Z 2

0

p
1 + 22 + 32dydx

<latexit sha1_base64="dN2gSGLOrQJt3gofsbFdvFbPDxo="></latexit>

=

Z 3

1
2
p
14dx

<latexit sha1_base64="Qk/FRH5oFWq94WuhmuErYYNWIGQ="></latexit>

= 2
p
14x

���
3

1
<latexit sha1_base64="PQrsgJs47mKWJ+893gmh8MT93Mk="></latexit>

= 4
p
14

<latexit sha1_base64="/LcDB7xt3AjrJ8p41io3/T4jLiA="></latexit>



Exemple
f(x, y) =

p
R2 � x2 � y2

<latexit sha1_base64="lQsez9Jzyxc8i7Dvzblfnuolxtw="></latexit>

Calculer l’aire d’une sphère

fx =
�xp

R2 � x2 � y2
<latexit sha1_base64="TbnXSFITtO9gHQe8MQK8H1leDUE="></latexit>

fy =
�yp

R2 � x2 � y2
<latexit sha1_base64="vVUYT3FDZxwCkx0y3Sg/oIrDw1A="></latexit>

=

s
R2 � x2 � y2 + x2 + y2

R2 � x2 � y2
<latexit sha1_base64="YiAHqmgBvgr4HuzWB00GXtJBX7c="></latexit>

=

s
R2

R2 � x2 � y2
<latexit sha1_base64="C+Vu+8IuUC04uw594+ZH5M37aag="></latexit>

=
Rp

R2 � x2 � y2
<latexit sha1_base64="6Rf5x94ma5S2TpHOarepYvlOHFk="></latexit>

=

s

1 +
x2

R2 � x2 � y2
+

y2

R2 � x2 � y2
<latexit sha1_base64="e00B3bwM0AwqYSYeoT4R4EIC3l4="></latexit>

q
1 + f2

x + f2
y

<latexit sha1_base64="fFtDBY7WLGrRS+lMOrVM0Oeym04="></latexit>



Exemple
f(x, y) =

p
R2 � x2 � y2

<latexit sha1_base64="lQsez9Jzyxc8i7Dvzblfnuolxtw="></latexit>

Calculer l’aire d’une sphère

=
Rp

R2 � x2 � y2
<latexit sha1_base64="6Rf5x94ma5S2TpHOarepYvlOHFk="></latexit>

q
1 + f2

x + f2
y

<latexit sha1_base64="fFtDBY7WLGrRS+lMOrVM0Oeym04="></latexit>

2

Z R

�R

Z p
R2�y2

�
p

R2�y2

Rp
R2 � x2 � y2

dxdy
<latexit sha1_base64="LxuKGRh4zQvIF7Dc1vTkoRn/lBo="></latexit>

= 2R

Z 2⇡

0

Z R

0

rp
R2 � r2

drd✓
<latexit sha1_base64="rfyFJsj4rij4RtLDGO6YzvzCim4="></latexit>

u = R2 � r2
<latexit sha1_base64="QdzeWlDQzbZPk6dg5E1L6Rx23jQ="></latexit>

du = �2rdr
<latexit sha1_base64="z3nnBsjuyzywOtJ3WBI4XoklV1Q="></latexit>

= R

Z 2⇡

0

✓
�2

p
R2 � r2

���
R

0

◆
d✓

<latexit sha1_base64="snCbmFDLOzPu6+S9h/GPr1GSc6o="></latexit>

= R

Z 2⇡

0
2Rd✓

<latexit sha1_base64="EekpCH+wiUKbD320MEaXX994pAM="></latexit>

= 4⇡R2
<latexit sha1_base64="WqDVg0Esxt+OYhjikHSILC5g7xI="></latexit>



Faites les exercices suivants

p.871 # 1, 2, 3, 5 et 6

p.871 # 1, 2, 3, 5 et 6



Aujourd’hui, nous avons vu

Applications de l’intégrale double. 

L’aire d’une surface.



Devoir:

p.858 # 33 et 34

p.866 # 3 à 10

p.871 # 1, 2, 3, 5 et 6 p.871 # 1, 2, 3, 5 et 6

p.867 # 3 à 10


