
cours 21

3.4 INTÉGRALE 
TRIPLE



Au dernier cours, nous avons vu

Applications de l’intégrale double. 

L’aire d’une surface.



Aujourd’hui, nous allons voir

Intégrale triple 

Type I, II et III 

Volumes 

Applications



On sait déjà qu’il est difficile de visualiser les fonctions à plus de deux 
variables.

w = f(x, y, z)
<latexit sha1_base64="BmTmZClXpLIB2bw14MWSaeMELpA="></latexit>

Car son graphe est un sous-ensemble de     . R4
<latexit sha1_base64="srBKwsXQ2HvP5UMdYEmRKcEubqE="></latexit>

Malgré ça, les idées développées pour l’intégrale double se 
généralisent très bien. 
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k=1

f(xi, yj , zk)�V =

ZZZ

B
f(x, y, z)dV

<latexit sha1_base64="hueyAuUSxGkZ4lUwdTqsN9cBzEA="></latexit>

=

Z s

r

Z d

c

Z b

a
f(x, y, z)dxdydz

<latexit sha1_base64="wz+JAXh/2ioVmJWZjNSaoB82TWk="></latexit>

(Fubini)



Exemple
Z 3

2

Z 2

0

Z 2

1
x2yz dxdydz

<latexit sha1_base64="/KCFMB19Y6Ic5c0wlWH5RSNNJw8="></latexit>

=

Z 3

2

Z 2
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x3yz
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1
dydz

<latexit sha1_base64="+37SIErM+yubxxxVlCE23PnWUpk="></latexit>

=
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Z 3

2

Z 2

0
yzdydz

<latexit sha1_base64="QhwJaBym50zDJAp/fB0DB2rl03k="></latexit>
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0
dz

<latexit sha1_base64="CcRTGlIQvvlHBihbeDGyd2+dC/s="></latexit>

=
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<latexit sha1_base64="ZmGX02yWfyZApit2u56mQrmQpIA="></latexit>

=
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✓
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<latexit sha1_base64="0PzgrBorf3QRdFYJM4eyi8MpNi4="></latexit>

=
35

3
<latexit sha1_base64="BP/eBOxtYtYmzvE6JZyBJMxZk+I="></latexit>

=

Z 3
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Z 2
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3
dydz

<latexit sha1_base64="kZ2Iqi56eOTJhlWp4/Vh9Be98N0="></latexit>

=
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Z 3

2
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2
dz

<latexit sha1_base64="D2pTsJEATJNTgISnXv93WKcKMpg="></latexit>



0 car fonction impaire.3 fois le volume de la sphère

Exemple
ZZZ

x2+y2+z2R
3 + x3 + 4 sin z dV

<latexit sha1_base64="QekqMzSTuhn/UIxIJI9F1m6SZqQ="></latexit>

=

ZZZ

x2+y2+z2R
3 dV +

ZZZ

x2+y2+z2R
x3 dV +

ZZZ

x2+y2+z2R
4 sin z dV

<latexit sha1_base64="MPjw5JZBrTDUJEAYVw0RriD1yPU="></latexit>

= 4⇡R3
<latexit sha1_base64="s4PV1I2U262MV1tbYyp9F3qaeb8="></latexit>



Faites les exercices suivants

p. 880 # 1 et 2

p. 880 # 1 et 2



a  x  b
<latexit sha1_base64="KlSGEXQz4iKFrU+Hg9x+KbTHwjw="></latexit>

f1(x)  y  f2(x)
<latexit sha1_base64="uvKZu3tUHJNBHfYrjKYhB2+wQu8="></latexit>

g1(x, y)  z  g2(x, y)
<latexit sha1_base64="Pi7gpo/nt3bx7Af4ww73gqrY+R8="></latexit>

Type I



a  x  b
<latexit sha1_base64="KlSGEXQz4iKFrU+Hg9x+KbTHwjw="></latexit>

f1(x)  y  f2(x)
<latexit sha1_base64="uvKZu3tUHJNBHfYrjKYhB2+wQu8="></latexit>

g1(x, y)  z  g2(x, y)
<latexit sha1_base64="Pi7gpo/nt3bx7Af4ww73gqrY+R8="></latexit>

Type I

c  y  d
<latexit sha1_base64="OIjcidnsYy9HU3PdLcU0jpODZC4="></latexit>

f1(y)  x  f2(y)
<latexit sha1_base64="VKRXxE1WJMuIqrPzM5iKHs7PkI8="></latexit>

g1(x, y)  z  g2(x, y)
<latexit sha1_base64="Pi7gpo/nt3bx7Af4ww73gqrY+R8="></latexit>

Type II

g1(y, z)  x  g2(y, z)
<latexit sha1_base64="ddVGgC83acSAIkMND7aB3eVbCTs="></latexit>

Type III

g1(x, z)  y  g2(x, z)
<latexit sha1_base64="1sLiAu3bA92aZtbT00VfJzH9k0Q="></latexit>



Exemple
Z 1

0

Z x2

�x

Z x�y

�1
xy + z dzdydx

<latexit sha1_base64="Gp5x3KjWccgckxV0StO24WtybA8="></latexit>

=

Z 1

0

Z x2

�x
xyz +

z2

2

���
x�y

�1
dydx

<latexit sha1_base64="9pcnrgFN649HTMDIjsSygLxwFjM="></latexit>

=

Z 1

0

Z x2

�x
xy(x� y) +

(x� y)2

2
+ xy � 1

2
dydx

<latexit sha1_base64="Kjj07p18uR4fgs36POxKIlKnulM="></latexit>

=

Z 1

0

Z x2

�x
x2y � xy2 +

x2 � 2xy + y2

2
+ xy � 1

2
dydx

<latexit sha1_base64="bp4McCmZB6+UL132IpzEuH2zRcg="></latexit>

=

Z 1

0

Z x2

�x
x2y � xy2 +

x2 + y2

2
� 1

2
dydx

<latexit sha1_base64="MkD+vOwT/PxdDj3VfDV2em+REpk="></latexit>

=
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0

x2y2

2
� xy3

3
+

x2y

2
+

y3

6
� y

2

����
x2

�x

dx
<latexit sha1_base64="vBoxcIVmgNAzmsrYPK6nIYUjqxU="></latexit>



Exemple
Z 1

0

Z x2

�x

Z x�y

�1
xy + z dzdydx

<latexit sha1_base64="Gp5x3KjWccgckxV0StO24WtybA8="></latexit>

=

Z 1

0

x2y2

2
� xy3

3
+

x2y

2
+

y3

6
� y

2

����
x2

�x

dx
<latexit sha1_base64="vBoxcIVmgNAzmsrYPK6nIYUjqxU="></latexit>

=

Z 1

0

x2y2

2
+

y3(1� 2x)

6
+

y(x2 � 1)

2

����
x2

�x

dx
<latexit sha1_base64="8ZzrPisMObqaU78iikQAzbLfWQg="></latexit>

=

Z 1

0

✓
x4

2
+

x6(1� 2x)

6
+
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2

◆
�
✓
x3

2
� x3(1� 2x)

6
� x(x2 � 1)

2

◆
dx

<latexit sha1_base64="juRMHWZChZ8FeZCfxSn68QkL9dc="></latexit>

=

Z 1

0

x4

2
+

x6

6
� x7

3
+

x4

2
� x2

2
� x3

2
+

x3

6
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3
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2
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2
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<latexit sha1_base64="fvR2gTvgkdR+OM4a4qg6sPBCkSs="></latexit>

=

Z 1

0

2x4

3
+

x6

6
� x7

3
� x2

2
+
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6
� x

2
dx

<latexit sha1_base64="vNMFcurZqYb3C6e4yn/6m1E212Q="></latexit>



Exemple
Z 1

0

Z x2

�x

Z x�y

�1
xy + z dzdydx

<latexit sha1_base64="Gp5x3KjWccgckxV0StO24WtybA8="></latexit>

=

Z 1

0

2x4

3
+

x6

6
� x7

3
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2
+
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6
� x

2
dx

<latexit sha1_base64="vNMFcurZqYb3C6e4yn/6m1E212Q="></latexit>

=
2x5

15
+

x7

42
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� x3

6
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����
1

0
<latexit sha1_base64="WIYAqKQ/fMh8Ykqi73NIvDRzh/U="></latexit>

=
2

15
+

1

42
� 1

24
� 1

6
+

1

24
� 1

4
<latexit sha1_base64="UKXENVegMtbM/6O6UnN0FK/Lqe0="></latexit>

=
2

15
+

1

42
� 7

42
� 1

4
<latexit sha1_base64="ulYa6qqsxcVwQPTQfjp1+Ok3SkI="></latexit>

=
8

60
� 6

42
� 15

60
<latexit sha1_base64="atAqVmOmDrsIag5n8VhOEuuO8ro="></latexit>

= �1

7
� 7

60
<latexit sha1_base64="BZI+MseBF8ZSpC4HIYlHvRaAsSY="></latexit>

= � 60

420
� 49

420
<latexit sha1_base64="s1L8ONQ3KFW26FwtytK6Ms4kIjM="></latexit>

= �109

420
<latexit sha1_base64="3PNUah7t2+sZ4O1Q0Dj60e81Who="></latexit>



Faites les exercices suivants

p.880 # 3 à 8

p.880 # 3 à 6



Exemple
ZZZ

E
xy dV

<latexit sha1_base64="HVvOym2w+/55USwXPrgSADrLLlg="></latexit> (0, 0, 0)
<latexit sha1_base64="lEJbA+jiIF1G8/vLeNq9qi9LNmc="></latexit>

où      est le tétraèdre de sommetsE
<latexit sha1_base64="HSKlGo1ltQhu6Xtl3VAOzLIAyOs="></latexit>

(3, 0, 0)
<latexit sha1_base64="F8MDOlXSdokrf/7bVh92h+pa7JM="></latexit>

(0, 2, 0)
<latexit sha1_base64="sOaMVHCH23MKe/f8tKTjLel/rhk="></latexit>

(0, 0, 1)
<latexit sha1_base64="hVwyCZSlWsozz5qa4P+mwUxy2SU="></latexit>

0  x  3
<latexit sha1_base64="39Lj6fgry/Gsjnl3GCUePDfhfaM="></latexit>

La droite passant par (3, 0)
<latexit sha1_base64="iR0R312qjIkuMd6JtPLoFgC707M="></latexit>

(0, 2)
<latexit sha1_base64="w6cfsgR7e4HvGpvcyZr1XHLx2wM="></latexit>

x

3
+

y

2
+ z = 1

<latexit sha1_base64="Dvaw3sOt9Ix5R+T54kmuEY+dFWk="></latexit>

L’équation du plan =) z = 1� x

3
� y

2
<latexit sha1_base64="UM8Vot8+EI5wf2XijKGQ2eFzn3Y="></latexit>

0  z  1� x

3
� y

2
<latexit sha1_base64="4OyakRcbrirtXRT5Qh0eYKe+mp0="></latexit>

y = �2

3
x+ 2

<latexit sha1_base64="IM1orY/n5vyDILMpXfZmq2+hSs8="></latexit>

0  y  �2

3
x+ 2

<latexit sha1_base64="EfCy/7JQQ8+c1kqjgapDC0FR0PU="></latexit>



Exemple
ZZZ

E
xy dV

<latexit sha1_base64="HVvOym2w+/55USwXPrgSADrLLlg="></latexit> (0, 0, 0)
<latexit sha1_base64="lEJbA+jiIF1G8/vLeNq9qi9LNmc="></latexit>

où      est le tétraèdre de sommetsE
<latexit sha1_base64="HSKlGo1ltQhu6Xtl3VAOzLIAyOs="></latexit>

(3, 0, 0)
<latexit sha1_base64="F8MDOlXSdokrf/7bVh92h+pa7JM="></latexit>

(0, 2, 0)
<latexit sha1_base64="sOaMVHCH23MKe/f8tKTjLel/rhk="></latexit>

(0, 0, 1)
<latexit sha1_base64="hVwyCZSlWsozz5qa4P+mwUxy2SU="></latexit>

0  x  3
<latexit sha1_base64="39Lj6fgry/Gsjnl3GCUePDfhfaM="></latexit>

0  z  1� x

3
� y

2
<latexit sha1_base64="4OyakRcbrirtXRT5Qh0eYKe+mp0="></latexit>

0  y  �2

3
x+ 2

<latexit sha1_base64="EfCy/7JQQ8+c1kqjgapDC0FR0PU="></latexit>
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0

Z � 2
3x+2

0

Z 1� x
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y
2

0
xy dzdydx

<latexit sha1_base64="jkqN7r15oD5098ACEONFMCkbr/c="></latexit>

=

Z 3

0

Z � 2
3x+2

0
xy

⇣
1� x

3
� y

2

⌘
dydx

<latexit sha1_base64="2iiW2F4gyi2srg10x4pXWGlvUs4="></latexit>

=

Z 3

0

Z � 2
3x+2

0

✓
x� x2

3

◆
y � xy2

2
dydx

<latexit sha1_base64="U7ByvXHMpoplIORDlmIEuYwZXpY="></latexit>

=

Z 3

0

✓
x� x2

3

◆
y2

2
� xy3

6

����
� 2

3x+2

0

dx
<latexit sha1_base64="QFS+uFu20hmiZ0yAxjPV4TStD+Q="></latexit>



Exemple
ZZZ

E
xy dV

<latexit sha1_base64="HVvOym2w+/55USwXPrgSADrLLlg="></latexit> (0, 0, 0)
<latexit sha1_base64="lEJbA+jiIF1G8/vLeNq9qi9LNmc="></latexit>

où      est le tétraèdre de sommetsE
<latexit sha1_base64="HSKlGo1ltQhu6Xtl3VAOzLIAyOs="></latexit>

(3, 0, 0)
<latexit sha1_base64="F8MDOlXSdokrf/7bVh92h+pa7JM="></latexit>

(0, 2, 0)
<latexit sha1_base64="sOaMVHCH23MKe/f8tKTjLel/rhk="></latexit>

(0, 0, 1)
<latexit sha1_base64="hVwyCZSlWsozz5qa4P+mwUxy2SU="></latexit>

Z 3

0

Z � 2
3x+2

0

Z 1� x
3�

y
2

0
xy dzdydx

<latexit sha1_base64="jkqN7r15oD5098ACEONFMCkbr/c="></latexit>

=

Z 3

0

✓
x� x2

3

◆
y2

2
� xy3

6

����
� 2

3x+2

0

dx
<latexit sha1_base64="QFS+uFu20hmiZ0yAxjPV4TStD+Q="></latexit>

=

Z 3

0

✓
x� x2

3

◆ �
� 2

3x+ 2
�2

2
�

x
�
� 2

3x+ 2
�3

6
dx

<latexit sha1_base64="RcpmgJwytlBlHtET9OE4LtceNwY="></latexit>

=
1

6

Z 3

0

�
3x� x2

�✓
�2

3
x+ 2

◆2

� x

✓
�2

3
x+ 2

◆3

dx
<latexit sha1_base64="qVALA9j1o+cysecUZXzAv/n8ByI="></latexit>

=
1

6

Z 3

0

�
3x� x2

�✓4

9
x2 � 8

3
x+ 4

◆
� x

✓
� 8

27
x3 +

8

3
x2 � 8x+ 8

◆
dx

<latexit sha1_base64="7k+CN23U2TrDajDMk0VaBidh84E="></latexit>



Exemple
ZZZ

E
xy dV

<latexit sha1_base64="HVvOym2w+/55USwXPrgSADrLLlg="></latexit> (0, 0, 0)
<latexit sha1_base64="lEJbA+jiIF1G8/vLeNq9qi9LNmc="></latexit>

où      est le tétraèdre de sommetsE
<latexit sha1_base64="HSKlGo1ltQhu6Xtl3VAOzLIAyOs="></latexit>

(3, 0, 0)
<latexit sha1_base64="F8MDOlXSdokrf/7bVh92h+pa7JM="></latexit>

(0, 2, 0)
<latexit sha1_base64="sOaMVHCH23MKe/f8tKTjLel/rhk="></latexit>

(0, 0, 1)
<latexit sha1_base64="hVwyCZSlWsozz5qa4P+mwUxy2SU="></latexit>

=
1

6

Z 3

0

�
3x� x2

�✓4

9
x2 � 8

3
x+ 4

◆
� x

✓
� 8

27
x3 +

8

3
x2 � 8x+ 8

◆
dx

<latexit sha1_base64="7k+CN23U2TrDajDMk0VaBidh84E="></latexit>

=
1

6

Z 3

0

4

3
x3 � 8x2 + 12x� 4

9
x4 +

8

3
x3 � 4x2 +

8

27
x4 � 8

3
x3 + 8x2 + 8x dx

<latexit sha1_base64="PF/MOoOTXZ/k7FgnE5qAD66heXM="></latexit>

=
1

6

Z 3

0
� 4

27
x4 +

4

3
x3 � 4x2 + 20x dx

<latexit sha1_base64="S2rNXarhzQ/Ahp9PFvqB04uTbpc="></latexit>

=
1

6

 
� 4x5

5 33
+

x4

3
� 4x3

3
+ 10x2

����
3

0

!

<latexit sha1_base64="kasvI617FxPKzvs4KUddlwH4xYg="></latexit>

Z 3

0

Z � 2
3x+2

0

Z 1� x
3�

y
2

0
xy dzdydx

<latexit sha1_base64="jkqN7r15oD5098ACEONFMCkbr/c="></latexit>



Exemple
ZZZ

E
xy dV

<latexit sha1_base64="HVvOym2w+/55USwXPrgSADrLLlg="></latexit> (0, 0, 0)
<latexit sha1_base64="lEJbA+jiIF1G8/vLeNq9qi9LNmc="></latexit>

où      est le tétraèdre de sommetsE
<latexit sha1_base64="HSKlGo1ltQhu6Xtl3VAOzLIAyOs="></latexit>

(3, 0, 0)
<latexit sha1_base64="F8MDOlXSdokrf/7bVh92h+pa7JM="></latexit>

(0, 2, 0)
<latexit sha1_base64="sOaMVHCH23MKe/f8tKTjLel/rhk="></latexit>

(0, 0, 1)
<latexit sha1_base64="hVwyCZSlWsozz5qa4P+mwUxy2SU="></latexit>

=
1

6

 
� 4x5

5 33
+

x4

3
� 4x3

3
+ 10x2

����
3

0

!

<latexit sha1_base64="kasvI617FxPKzvs4KUddlwH4xYg="></latexit>

=
1

6

✓
�36

5
+ 27� 36 + 90

◆

<latexit sha1_base64="T4FuIXzoor3qS3MFyuhvKAzX8XY="></latexit>

=
1

6

✓
�36

5
+ 99

◆

<latexit sha1_base64="O9kvMAU5JqNCRQvfMOJzz5HdpWA="></latexit>

=
495� 36

30
<latexit sha1_base64="C5yLNYAZJ/6/Y/aylzruNy8PDOc="></latexit>

=
459

30
<latexit sha1_base64="GyVQbZcwzt39NtZUzcUhJ1A75T4="></latexit>

=
153

10
<latexit sha1_base64="hDnJEYMeN2xz52rV0CTuwHmiiL4="></latexit>

Z 3

0

Z � 2
3x+2

0

Z 1� x
3�

y
2

0
xy dzdydx

<latexit sha1_base64="jkqN7r15oD5098ACEONFMCkbr/c="></latexit>



Faites les exercices suivants

p. 880 # 9 à 18

p. 880 # 7 à 16



De la même manière dont on a utilisé l’intégrale double pour calculer 
l’aire d’une région, on peut utiliser l’intégrale triple pour calculer un 

volume. 

V =

ZZZ

E
dV

<latexit sha1_base64="nMzufT18qxOCddT+pcoGIFnv4UA="></latexit>



Exemple
(0, 0, 0)

<latexit sha1_base64="lEJbA+jiIF1G8/vLeNq9qi9LNmc="></latexit>

Calculer le volume du tétraèdre de sommets
(3, 0, 0)

<latexit sha1_base64="F8MDOlXSdokrf/7bVh92h+pa7JM="></latexit>

(0, 2, 0)
<latexit sha1_base64="sOaMVHCH23MKe/f8tKTjLel/rhk="></latexit>

(0, 0, 1)
<latexit sha1_base64="hVwyCZSlWsozz5qa4P+mwUxy2SU="></latexit>

0  x  3
<latexit sha1_base64="39Lj6fgry/Gsjnl3GCUePDfhfaM="></latexit>

0  z  1� x

3
� y

2
<latexit sha1_base64="4OyakRcbrirtXRT5Qh0eYKe+mp0="></latexit>

0  y  �2

3
x+ 2

<latexit sha1_base64="EfCy/7JQQ8+c1kqjgapDC0FR0PU="></latexit>

Z 3

0

Z � 2
3x+2

0

Z 1� x
3�

y
2

0
dzdydx

<latexit sha1_base64="SSXNMR15z30329hJbJ1P1wmkS5Q="></latexit>

=

Z 3

0

Z � 2
3x+2

0
1� x

3
� y

2
dydx

<latexit sha1_base64="hEpr+z2C+fdI0J3B1quWvuLC8lU="></latexit>

=

Z 3

0

⇣
1� x

3

⌘
y � y2

4

����
� 2

3x+2

0

dx
<latexit sha1_base64="3+tI1u1Zvj8jTPDQUtCYl+lIXSE="></latexit>

=

Z 3

0

⇣
1� x

3

⌘✓
�2

3
x+ 2

◆
�

�
� 2

3x+ 2
�2

4
dx

<latexit sha1_base64="TngibJV0jxf6L2E9bX4H78p/v2Y="></latexit>



Exemple
(0, 0, 0)

<latexit sha1_base64="lEJbA+jiIF1G8/vLeNq9qi9LNmc="></latexit>

Calculer le volume du tétraèdre de sommets
(3, 0, 0)

<latexit sha1_base64="F8MDOlXSdokrf/7bVh92h+pa7JM="></latexit>

(0, 2, 0)
<latexit sha1_base64="sOaMVHCH23MKe/f8tKTjLel/rhk="></latexit>

(0, 0, 1)
<latexit sha1_base64="hVwyCZSlWsozz5qa4P+mwUxy2SU="></latexit>

Z 3

0

Z � 2
3x+2

0

Z 1� x
3�

y
2

0
dzdydx

<latexit sha1_base64="SSXNMR15z30329hJbJ1P1wmkS5Q="></latexit>

=

Z 3

0

⇣
1� x

3

⌘✓
�2

3
x+ 2

◆
�

�
� 2

3x+ 2
�2

4
dx

<latexit sha1_base64="TngibJV0jxf6L2E9bX4H78p/v2Y="></latexit>

=

Z 3

0
�2

3
x+ 2 +

2x2

9
� 2

3
x� x2

9
+

2

3
x� 1 dx

<latexit sha1_base64="TSSdQRJofxzI+lZY8gax8rP6f+U="></latexit>

=

Z 3

0

x2

9
� 2

3
x+ 1 dx

<latexit sha1_base64="OfOhgQzi/bzXXLfkLg9NzpcHZMI="></latexit>

=
x3

33
� x2

3
+ x

����
3

0
<latexit sha1_base64="/RliVUO+Wukbkvwz5XG9GxCMPG0="></latexit>

= 1� 3 + 3
<latexit sha1_base64="wEOrsOxKPkyCPleTFjkqrcV7nLI="></latexit>

= 1
<latexit sha1_base64="G76KXUHUGiiniQl5jLwv7bGqzqs="></latexit>



Faites les exercices suivants

p.881 # 19 à 22

p.880 # 17 à 20



Naturellement, on peut se demander l’intérêt de calculer un 
hypervolume d’un objet de dimension 4.

Bien que l’intégrale permette de résoudre des problèmes de 
géométrie, la géométrie n’est pas son seul champ d’application.

Par exemple

M =

ZZZ

E
⇢(x, y, z) dV

<latexit sha1_base64="fHcY5qWAzwte83E0fURFhwU3j0A="></latexit>

nous permet de calculer une masse.

Et les objets dont on cherche la masse sont habituellement de 
dimension 3!



Faites les exercices suivants

p. 881 # 35 à 38

p. 882 # 37 à 40



Aujourd’hui, nous avons vu

Intégrale triple 

Type I, II et III 

Volumes 

Applications



Devoir:

p.881 # 1 à 22 et 35 à 38

p.880 # 1 à 20 et 37 à 40


